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(;21 and ct for the lennard-Jones Potential as
*‘ 3
Functions of E showing the High Reduced Energy Behavior

of the Perturbation Series.
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QW o
Yee avd ML for the Lennard-Jones Potential as
Functionsof & showing the High Reduced Energy Behavior

of the Perturbation Series.
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ﬂ(l)’) * ﬂ(’j/’)*

& and A4 ¢y for the Lennard-Jones Potential as
) T ¥ . ) .
Functiocnsof showing the High Reduced Temperature Behavior

of the Perturbation Series.
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¢ and ¢l for the Lennard-Jones Potential as

- W
Functionsof T showing the High Reduced Temperature Behavior

of the Perturbation Series.
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100

The following tables are the results of calculations using
the Lennard-Jones potential.

The first two tables give C;Xjr*and (;76)*(the classical
and the quantum corrections) as functions of log E* . For @Q)*
the third quantum correction is not given, and the column labeled
"IV'" is the integral approximation to the fourth quantum correction
(see Section 2 of Chapter II1).

H
»
as a function of / for 615«4)

(#y4)

The last six tables give —{jl
equal to (1,1), (1,2), (1,3), (2,2), (2,3), and (2,4). 1In the
cases where . 2, only the integral approximation is given to the
fourth quantum correction.

The accuracy of thése tables is in general about .1 per cent.

a)x

The c,L are probably even more accurate. The low reduced

temperature values of the omega integrals are probably in error

by about 2 per cent.
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CHAPTER VII

CONCLUDING REMARKS

It is the purpose of this thesis to evaluate the quantum effects
on a system under such conditions that these quantum effects just
begin to become important. | The particular quantum effects studied
are the tramsport collision integrals which are based on the inter-
action between two particles.

Perhaps the most imporant feature of this work is the introduction
of the concept of the classical limit and the distinction between
this and the classical result. The coreless square well potential
was studied to demonstrate this difference because the integrals
involved are known. This is the exception rather than the rule.

As things turned out, smoothness of the potential function was
traded for ease of manipulation which resulted in inconclusive
| . 34 . .
results. The numerical results jfor the phase shift using the
Lennard-Jones (12-6) potential amply substantiate the expression
for this classical limit.
(0)*
Numerically the C3> series are probably more significant
(£,4)¥
than the _f? ’ series. They show in great detail the effect
(£r4)+‘
of the inmer region. The quantum corrections to the -1’2 are
unfortunately large over an extended reduced temperature range
: s
because of the very large quantum corrections to the C;’ for

reduced energies below. .8 .

The perturbation expansion series ig an excellent check on the
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high reduced energy and temperature behavior of the Lennard-Jones
results. The comparison of the two results also gives a bit of
insight into the nature of the two expansions.

It is hoped by the author that the results obtained here will
afford a little more insight into the quantum effects on the
transport coefficients in those situations where the quantum effects
are small; that a greater understanding of semiclassical approaches
to this problem has been achieved; and finally, that the éoncept of
the classical limit will prove advantageous in future calculations

of the transport properties.
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63(77 )
APPENDIX I. Detailed Development of and GD for Monotomnic
Potentials.
This appendix is a copy of a reprint of a publication containing
a) )
the formal development of the series for <;> and C;) for
monotonic potentials from the series for the phase shift. This
appendix includes the details of the derivation of Section 1 of

Chapter II.
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Reprinted from Tue Jouaxar oF Cueyicar Prysics, Vol. 41, No. 3, 1167-1173, 1 September 1964

Priated in

U. S A

Quantum Corrections to the Transport Cross Sections*®

Heasirr T. Woont axp C. T Cuxriss
University of Wisconsin, Theorelical Cliemistry Institute, Medison, Wisconsin
(Reccived 6 May 1964)

By a method developed earlier, the second quantum correction to the phase shift in a collision between
particles with spherically symmetric potentizls is obtained. This expression, along with the classical limit
and the first quantum correction developed carlier, is used to obtain the classical limit and the first and
second quantum corrections to the transport cross scctions Q® and Q®, In thesc expressions the potential
function is not restricted to monotonic functions; the results apply to a potential with an attractive

minimum.

EN an earlier paper! expansions of the phase shiits for
8 a binary collisicn s series in powers of Planck’s
constant were obtained. These expansions cnable ene
to describe quantum eifects in any process involving
collistons between molecules with spherically symmetric
potentials as perturbations on the classical thmit. tu
the previous paper explicit expressions were obtained
for the classical limit and for the first quantum correc-
tion to the phase shift. In this paper an explicit expres- .
sion for the sccond quantum correction is obtained.
These quantities are then used to obtain corresponding
series expressions for the cross sections? Q® and Q@
which arise in the theory of the transport coelficients.

1. SECOND QUANTUM CORRECTION TO THE PHASE
SHIFT

The calculation of the phase shift n; is based on the
differential relation®

dn/dE=7[p(E)—p®(E)],

N

(1)

where p(E) is the density of states (per unit cnerygy
interval) and p@(E) is the densily in the abscnce of
an intermolecular potential. According to Fq. (30) of
Ref. 1, the density of states may be expanded in the

* This research was carried out under a grant irgm the Nutional
Science Foundation.

T National Science Foundation Fellow, 1963-64.

1C. T, Curtiss and R. S. Powers, Jr., J. Chem. Phys. 40, 2145
(1964).

2J. O. Hirschfelder, C. I. Curtiss, and R. B. Bird, Molecular
Theory of Gases and Liguids (John Wiley & Sors, Inc., New York,
19543, p. 675.

3 Reference 2, p. 72.

I3

forin

. A Yo
P15 e s
N.J

f driwy;(r, L)

(&) el a3

h=n/(2u)*

u is the reduced mass of the two colliding particles,
g{x) is the function?

X

- o

where

glx)y=a 220,

g(%)=0

() is the sth derivative of g(x), ¢ is the intermolecu-
iar poiential, and L is defined as

L=+,

%<0,

s

wh is the angular momentum quantum number.
(r, L) are functions decfined in the previous
paper through a set of recursion relations. It is also

shewn that the cesulting expansion for the phase shift

is of the form
m= Zf)ez—amm, (3)
2

ara
vl
.

!

e
1 }‘.u WNG

4 More precisely the function g(x) should be defined ag
g{x)=lim Re(x44¢)~2
v
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and that explicitly,

m—[wBL 8- E———]

3 ¢III (b
;e =— | AN 5
Hfew-ari-S4E)]
where ¢ is the effective potential
o= o+ (L/#*) (6)

I'or the evaluation of the second quantum correction
to the phase shift, it is necessary to obtain explicit ex-
pressions for the “We;. From the recursion relations of
the previous paper, it is found that

Wa=1r(1/r),

Wea=5'g(1/7)¢' — 26 (1/7)¢" —rive"",
Waa=1'(1/7%) 9"+ 5’0" +%¢"?,

Wes= —rsd" %",

Wee=175¢"". (7)

With these coefficients one finds that the second quan-
tum correction to the phase shift is

m“’=fmd"(E--¢>)"é
0

x[—-

V)
T 06r

L1

®
1();"345/3

5 ()(b// l ¢///
167" Girig™ ' 24r%g"

¢)(Vl)
5765

¢//3
32024

¢)’/¢/Il
24r%"

29 ¢”¢,(V)
2880 ¢

47 ¢///¢(1v)
2880 ¢

53 ¢//2q‘)(l V)
1440 o5

+

-

e 118 e R
S AN S S AT
T ¢t T2 ¢ 19240
This expression along with the expressions for Y and
7% obtained previously are usced in the next sections

to obtain the first and second quantum corrections to
Q(l) and Q(Q)'

2. CROSS SECTIONS QW

The expressions for the transpert coeflicients which
arise in the kinetic theory involve certain moments of
the collisional cross section, primarily Q® and Q®. The
quantum mechanical expression for these moments is

Q<\'>—-—r)2Z<mMmXN N=1,2, (9)
l=0
where
(10)

XN=TN4+N"M

123
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and
Gh(l):z(l"%'l))
Q= (141) (14+2) / (1+D).- (11)

The coefficients 6, may be written in terms of §
and L. In particular it is readily shown that

M= (2/N) (L/h) g™, (12
where
gW=1-(b/2L) (13)
and
o 12D/ L) (19
) 14+(h/L) :

In terms of these quantities the expression for Q4
Eq. (9) becomes
47h
NE
The phase shift g4 can be written as a Taylor
series in the form

iLg(“") sin®x. (15)

=0

QW) =

N oy
11 ol

N2 o
Tl

TN = 21 OB

Thus,

o NI (3]771

16
J=1 ]1 (')l’ (1)

XN=

of L=(l+%)h, xv

or, since m Is expressed in terms
may be written as

(17)

Further, since the n; are expanded in power series in b,
Eq. (3),

xv=2_bxxi, (18)
=0
where
1434 A' i—2K43 0i—21{+3 :
() (19)

T 4 2K 3y 1aLmeEs

Tt {ollows from the serics form of the xx, Egs. (18)
and (19}, and the standard expansions of the sine and

¢cosine that
sin?yny= Zb”s,‘(“”,
n

(20)

where
5oV == sinxwo,

$1 == 5y sin2xavo,

52 = x 1 c082xvoFXave SIN2xn,

$5V = 2xvixve cos2xnot (xvs=%xwi®) sin2xvo,
5

(xnat+ 2xwvixvs—5xa1t) cos2xwo

(21)

+ (xva—2xni*xne) sin2xwe.




TRANSPORT CROSS SECTIONS

We note from Eq. (19) that

xnvo=N (M /aL). (22)
In a similar manner we define
Yao=N{(dn®/dL) oxmo=N(0®/3L). (23)
In terms of these quantitics the s, of Eq. (21)
become
5™ = sin?xg,
§1%™ =2 Nxwy sin2xwe,
52 =N xno" cos2xnot (ENV e +¥no) sinxuo,
535 = Nyxwo (§N2x w0 +vo) €052xwv0
+ (FeNxnd" + 3NN — 2N xw™®) sin2xwe,
58 = [ (ENx0" +¥no) 2 — T Ny
+ Nxwd' (e Noxwd” +3Nymo') ] cos2xao
F e N oV 5N x4 o
—~ N2 (3N X +¥xe) I sin2xwo.  (24)
The g™ may also be written in a series form
gV =2 (8/L)ge™, (25)
where
gV=1
a&M=1
gV=0  jz2; (26)
and
g®=1,
a®=1,
gO= (-1 22 (27)

It should be noted, however, that the serics expansion
of g® is valid only for L>} or I>13, i.e., it is valid for
all (integer) / except /=0.

In the evaluation of certain integrals and the correc-
tion terms in the Euler-MacLaurin expansion (which
is introduced later), it is convenient to make use of an
expansion of the s, in powers of L. For this purpose
we write

S:;(N) = ZLmsnm(N)) (28)
m
where

Sum®™ = (1/m)[(d™/d L") 5,4 ] o (29)

From the definition of xxo, Eq. (22), and the explicit
expression for ,%, Eq. (), one finds on differentiation
that

1 1 -
XN0= —N{L/dr[—o([z‘—q’;)—‘—- -—;<E_ T) :I}
r r° 7

Moo L
-3 [-.,,r L/d 7,2(E_¢)%]. (30)
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A comparison of this expression with the usual integral
expression for angle of deflection x shows that under
conditions such that only one classical turning point

exists:
(31)

If three classical turning points exist, the integral of
Eq. (30) is an integral over the entire classical region,
i.e., an integral between the two inner turning points
plus the integral from the third turning point to in-
finity. Clearly, for any intermolecular potential with a
hard core the angle of deflection x at L=0, a head on
collision, is w. Thus

x~o(0) =3Nr.

xvo=3$Nx.

(32)

With this result, it is found by explicit differentiation
of the expressions for the s, that

Soo¥) = sin®} N,
501(N) = ()}
$2 = (xvo' (0) )? cosN'm,
503 = (e’ (0) ) (xav” (0) ) cosN'm,
53 = [ =3 G (0) Y+ L Gnd”(0)
3 Gewo’ (0) ) (e’ (0) )] cosN,

5 =0,
su¥ =N (o' (0) )* cosN,
52 =3N (oo’ (0) ) Geve” (0) ) cosN',
s =N[F Gevo” (0) )43 OGewd’ (0) ) Gevd™ (0) )
— 2 (xndo'(0))Y] cosN'rr,
2™ =N (xx0' (0) )? cosNm,
5™ =[N (e’ (0)) (eae” (0))
“+2xw0’ (0)¢¥wo(0) ] cosNm,
522N = [ FrN2 (xvo” (0) P2+ N? (eve’ (0) ) (e’ (0) )
+xx0" (0)¥no (0) + 2xave’ (0) o’ (0) =3 N2 (xavd’ (0) )] .
X cosN,
5306 = [EN? (xave’ (0) ) (xve” (0) )4+ (e’ (0) W (0) ]
X cosN'r,
s =[FN (xvo”/ (0) )1V (xvd’ (0) ) (xvo”’ (0) )
+N (v (0) ) (o (0) )42 (o’ (0) ) (o' (0) )
— 2N (xwo (0) 4] cosNm,
S0 =TGN0 (0) +wo (0) Y2 — N4 (eave’ (0) )1
+ N (xvo'(0) ) (N ixvd””’ (0) + 3Ny’ (0) ) ] cosNwr.
(33)

In the next two sections we consider the explicit
evaluation of the series expressions for Q® and Q.
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3. EXPANSION OF THE CROSS SECTION Qw

The Euler-MacLaurin approximation may be used
to transform the sum over / to an integral over [ plus
correction terms. In addition, one transforms the inte-
gration over [ to an integration over L. It is to be noted,
however, that the lower limit of integration is /=0 or
L=3b. Explicitly one finds that

oW =éE’—’{ / Lg® sinud L
v )‘f)

+3[Lg™ sin®xa |L={f)+ Lg® sin®x 2. ]

+ PIE—— I)"A 1

v

-1 LgW siny, 1 LgW sin?yy ]] (34)
d 12K L=th d L1 el

In the treatment of Q@ it is convenient to write the
integral in the Euler-MacLaurin expansion as the sum
of two terms

-L7r

7 I g sin®yd L

ih
[/ Lg® sin*xd L— / Lg® sin? uzd} (33)

With the series cxpressions given by Egs. (20) and
(23), the first integral on the right above Leconics

2 @
= [ AL LA B 2 L) (502 )
“ o

404 (5,02 Lsy®) 9 (5042 Lg @) e vt 1

By integration by parts the terms in § and * can be
shown to be zero. Further, the terms in [° and §f can
be integrated by parts so as to reduce the oriers of
the derivatives. Thus, the last expression becomes

dr o
7 f L sinyud L
£/,
MW 4'71' © 1 AV
+1I —“f dLE—1:L(xw')? cos2xie
) 0
+ (Lo+axw’) SillQXxo]}

Ay e
-H)"[j‘{r‘/ dl([a'ﬂ"o'L(Xm DA Do e
+ Lt be Lo ) ' badde] cos2xa

+ [3: 7 (Xw/) S L<.—"m - l L(Xm') ﬁlf’/lu] sin?m)

+(47'"/E {ou[klu (O)H”J . (36)

AND C. T.
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In the cvaluation of the second integral of Eq. (35)
and the Luler-MacLaurin correction terms, it is con-
vendent to make use of the Taylor series expansion of
the functions s,(L). In terms “of the coeflicients gx®
and 5., defined by Eqs. (23) and (28), it is readily
shown that

Lgt sin?y; = Z Lmt-KpntK g (1) S D

Knm
It then follows that the sccond integral of Eq. (35) is
271" I)n+1n+"
L Rnm 2m+’—}x

= — (3r/2E) i+ (157/16 E)

sin® Xl(IL gf\.( )sm w

X (xw' (0) Y2 4+--. (37)
The first Euler—MacLaurin correction term is
27/ B)HLg™ sin’)x| Lp (38)
or in terms of the expansions
(27 1) }: LKyt R+, g, D [L:;T)
KNam
o] ntan+2
A O 505
E & ik o

Then using the explicit expression for the s,,® this
term becomes

(2m/ L)l = 22/ ) (' (0) )2+ (39)

The second Euler-MacLaurin correction term (and
all othwis evaluated at L= ) gives no contribution
to QM.

The third Euler-MacLaurin correction term is

~3E -(—i—I LgW sinxy |z3p (40)
or in terms of the cxpansions
T d ,
— ?}HJZLmﬂ—AI)nHw x D58, D [L Wb
bn+1n+2
=— ——ZIZ (m-+1-K) Py gV Sum®.
A nm

Then using the explicit expressions for the s,»® this
term becomes

= (r/3E)9*+ (x/ E) (' (0) Y-+ (41)
The fifth Euler-MacLaurin correction term is
(7/180)5*(/d L7) Lg® sinxq {1 (42)
or in terms of the expansions
T dsv O LR fpetet2g (g O [L 30
180 d L7
frtmt2
150 E:n (si+1—K)(m—K){(m—1—-K) 2711—2—1(8"”'(1)
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Then again using the explicit expressions for the sam®
this term becomes

— (7/30LE) 5 (x1d' (0) )2t . (43)

Higher terms in the Euler-MacLaurin series involve
powers of b greater than 4.

In summary, the complete expansion for Q% through
terms of order §t is

Q(’D ——T me singxlodL
0
4o | (= ) ,
+—b / AL[ — s L(x1')? cos2xu
YORS O
+ (L¢+TI‘EX10') Sianm) :H'?zlz]

472' @
+Eb4[/ dL{Lxtw (o) 4+ LYo

+ L+ L(Xxo )4+ $X10 ‘Pm] cos2xi
+ [m(Xm') -+ L@m“ s (XlO )2%0] sin 2X10}

—m[mx(om]. (44)

Since QW is expressed as a power scrics in 7, this
form of QW is useful in those cascs where Ui quantum
effects begin to play a small but significant role in the
collisions.

4, EXPANSION OF THE CROSS SECTION @

The treatment of Q“) is more complicated than that
of Q® since the series expansion of g® is valid only
for I>%. To avoid this difficulty, the first term in the
sum of Eq. (15) is treated explicitly and the sum of
the remaining terms carried out by the Euler-Mac-
Laurin approximation. After the transformation from
! to L, the expression for Q® becoines

8 ) 2w [ .
Q= sintxa ot | Lg® sinxedL
3E E Jy
(2t B) (YL sintne |t L sty i

+Z(_1)1\

m) PRI (R /L) Lg® sinta 2o
"Kw=)

— (PE-1/g [2E-1) Lo® sin’xs | L=mj>. (45)

The first term in the last equation, the /=0 term in
the original sum, may be handled in a manner quite
similar to that used in the discussion of the correction
terms in the preceding section. From the series expan-

sions of sin?xy Eq. (20) and (28) it follows that
(87/3E5 8 sin®xe |zp= (87 /3 E) S L, @ |,

= (87/3E) 2 (h+72/2m) 5,
= (6m/E) (xa0' (0) )2+ -+, (46)

In treating the integral of Eq. (45) it is again con-
venient to write the integral as the sum of two integrals:

2 [ .
T L™ sin®xdL
i

oal feo Hi]
::._7_’[ / Lg® sin*yed L— f Lg® 5i112X2dL]: (47)
ELA A

where N iIs an arbitrary constant. In order to make use
of the series form of g® this constant N is taken to be
greater than 3.

TFrom the series expansions of g and sin?y;, Eqgs.
(20) and (23), it is readily seen that the first integral
on the right of the lust equation is

Zw [® . © )
7 B 51“2X2dL— T e [ Lok @aL,
AN

nk

(48)

Tet us consider next the correction term in Eq. (47).
From tiw series e\p‘mblon of g®, sinxs, and 5,@, Egs.
(20}, (25), and (28), it is found that

Z jf Lg® sin’y.d L

d“

=—= S pE g @, (")/'bLm—KﬂdL,
nmA

3h
=— _1 ntmt2, (g (D)
P 32)\ ;.b 2P Sm

2 BHE g @@

E T kimye (m—K+2)
XL () mEat—\mki], (49)
Combining the last two results, one finds that
= / :Lg@) sinzxgdL=%7; 2O St T, (50)
where

SnI\ / LI_I“S (")dLTS,, K_g( ) InA

(&3]

Sﬂm
______)\7n—K+2
LR Ry o MO
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and T is the correction term
T=— __(hm)\ Sprtmig, s, @
nm
@ @
—_ E }: (%)m—!(-*}-‘.’.bw}-m-}-ﬁp_'_l_{ S (52)

E S kemte m—N-+2°

It is easily shown that the S.x are independent of
the parameter N\. Hence in evaluating these cocflicients
we consider the limit A—0. It is clear that the terms in
negative powers of A are just those necessary to remove
divergences which arise in extending the integral of
the first term to zero. In this limit the terms in the
sum with positive powers of X are zero. From the explicit
form of the s, Eq. (33}, it is readily scen that terms
involving negative powers of X and that involving Inx
do not contribute to the sum on the right of Eq. (31)
to terms of order b or lower (in fact, i or lower). Thus,
restricting the consideration to these terms

n+K<4.

Sox= f K5, OdL; (53)
0

Again the terms in §) and * can be shown to be zero
and the terms in B and it can be simplificd by integra-
tion by parts. The resulting expression for the first
term on the right of Eq. (50) is thus found o be

Ar [
Z /0 L sin?yqd L -

2, [ .
+—Eb‘:j0 dL[IAI/go SHIZXQG
—3 L(xz')? cos2xa— (4 L)~ sin®xsg ]
l:/ dLf [Ta’L(Xzo”)'—“r* (x20") & Lxay Yoo

+ Fxa0' Yot Life® ] cos2xan

+[:_" X20’)" L(Xzo')zll/zo”i— Loy
- (24L)-IX20”— (4L)~1¢20] sinZ,\'gn}
1
— (xa0’ {0) )* 14 54
gl OF [+ (51
The first series in the correction term 7, . (52) is

unusual in that it involves Inll as a fuctor. The series
multiplying this factor does not contain any terms of
order I or lower and will not he considered further
here. The second serics, however, does pive a term of
order )t (but not 13, since s@® =0). Thus neglecting
the terms in Inih

T=—(3677/321) {x’ (0) YO+ (553)

The Euler-MacLaurin correction terms in Iiq. (43)
arc evaluated in a manner similar to that used in the
previous section. Since in this case g® is an infinite
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series in /L it would appear that there would be an
infinite number of correction terms. It is shown, how-
ever, there are only three. In terms of the coefficients
ax® and sum®, defined by Eqgs. (25) and (28), it is
readily shown that the first Euler-MacLaurin correc-
tion term is

{x/EYHLg® sin’xa
— (7'_ / E) Z L m+1—Kbn+K+1 g(z) Sum® ! Leib

nmk

- (7r/E) Z(3_')m+1—1;[)n+K+1gK<2)snm(a) lLssz

nmk
= (137/ E) (x20'(0) )i+ -+

The other Euler-MacLaurin terms are found from
the first term of the sum in Eq. (45). If the derivative
of the product Lg® sin®xs is considered explicitly the
result is

(56)

1 —_ 1):3 I)'»J-rl l— dir1 [, (o):l
8

T &
}522 (25— p—1) LdL2+1]

@ e 57
X[EZ_: bmx][sm. 87

In teras of the expansion of sin®y; Eqs. (20) and (28)
this expression beeomes

A (=)o !B (E)m-r (pitntmeptl

L J=L po m]p K7j p-——l)’(m-—p)'

41 I

K $um® [(i_Lm 5 8(2)] (58)

According to Eq. (14), g® is a function of the ratio
h/L, only. Thus,

2 j—n—1 L
where
K fa24 90t 3
and the expression given in Eq. (58) becomes
TS > (—1)m!B; /3>m_,,
E 53 5 i (25— p=1) 1 —p) \2
X dogjopah™mts,, B, (61)

The sum over iz, m, and p may be carried out explicitly. -
We tind from Eq. (33) that the term becomes

B
_— or 0
1) (v (0) ) ; (2 oY
X[’Q-xiﬁlﬁ-l‘}‘s(-?j_1)/121'—2“{‘(2]"—1)(2j—2)/121_3]

+oees (62)
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From the definition of g®, Eq. (14), and definition
of the Ax, Eq. (60), it is found that

—12
Ao‘lfr;
— 285
Al“ Vi)

Ax=(—1)KHK(2K-1/5K+1) AN>2. (63)

With these expressions it can be shown that only the
first two terms (that is, j=1 and 2) contribute to the
sum in Eq. (62), and that the explicit result is

— 457/ E) G (0) Y-+ - (64)

In summary, the complete expression for % through
terms of order })* is

Q¥ =— / L sin?x90d L

2 o
+ g f L[ Lo sinxs
E"J,
"'?;L(X'zul)2 €0s2xa0— (1/ 4L) SinﬁX‘:G]
—‘b{/ dL{ETKL(qu”)”‘ s L (520") 4 Lifre?

+ Zxao a3 Lixao "o ] cOS2x20

+[22§(X20')3" %L(X%')?%o‘i" Lq@u— (1/2414) X'’

— (1/4L¢2] sin2xa} +346 (x20' (0) )2]—1-- . (653)

It is interesting to note that in Q% all corrccuun terms
arising from the Euler-MacLanrin s i d the inte-
gral from 0 to 71} are of order BEdr hi

The expression for the crogs- section: ,@(.) for colli-
sions between identical molecules is modified by the
effects of statistics. The correct expression for Q@ in
this case is similar to that given by Eq. (9) for colli-
sions between unlike molecules and is simply modified
by the replacement of the sum by twice the sum over
only cven or only odd 7, depending on the statistics of
the molecules. The explicit evaluation of these sums
has been carried out in a manner similar to that dis-
cussed in this section. The result is that the series
expression for Q® is not modified by the statistics, at
least through terms of order %

5. DISCUSSION

In this paper we have obtained the first and second
quantum corrections to the cross sections Q® and Q®
for collisions involving spherically symmetric potentials.
The first quantum corrections to Q™ and Q™ have been
developed previously by de Boer and Birds based upon
expressions for the phase shifts developed by Kahn!t
The pury pose of the present development is twofold.
Tirst, the present expressions are not restricted (as the
eariier results are) to monotonic potentials. Second, in
the present development explicit expressions are ob-
tained for the first two quantum corrections.

The present paper is based on expressions for the
phase shifts obtained by Curtiss and Powers! These
expressions are not restricted to monotonic (repulsive)
pote entials (as were Kahn'’s earlicr results). The expres-
sions differ from those of Kahn, however, because of
the use of a different boundary condition. In the
Curtiss-T*owers solution of the radial wave equation
the boundary condition at the origin is considered
explicitly. Kahn’s solution is essentially a solution on
the full infinite interval. De Boer” has pointed out that
at least through the first correction term the two'ap-
proaches give identical results in that the differences
are of higher order in 7 (for a fixed value of I, not a
fixed value of 7). This is probably true if the series are
truncated after any finite number of terms, Thus the

wo sciies expressions for the phase shifts probably
give identical series expressions for the cross sections.

The first correction term to QW (but not Q@) ob-
tained in the present paper differs, however, from that
obtained by de Boer and Bird in that it is larger by
27, "The origin of this difference lies in the neglect by
de Boer and Bird of the Euler-MacLaurin correction
terms.

The usc of the expressions for Q® and Q® in the
evaluation of the quantum corrections to the transport
properties will be discussed in later papers,
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9y
APPENDIX II. The Quantum Mechanical Expresziocu fcor Q
0 67(2
The quantum mechanical expressions for and in the
convenient forms of Equs. {2.1-1) and (2.1-2) were first derived by
3 , & . o
Kramers. > The expresszicn for (;) wag first published by Magon,
()

. : 11 . . .
Smith, and Munnn. In this appendix 2 general expression for CD

is presented.

W) ;
In general, 6) iszZ

[”) ’/(/ m”l)(f‘/é‘,?{)mycly

(2A-1)

where
< 2
= 'ZE{[Z (20+)(e**u_)) F (cﬂ?z)f (28-2)
so that
Q[N? /Z 77 7_(11_,_ /)/2/ 4 />/e...24 e )/62,0714‘ /)x

1,(’

o
xo/(/— m”l/)%i//j(é,nﬁﬁ /;//Cazj/)a/,?(ZA-B)

With X = cg=z ¥ we define
w) /
f&j/ = S (1-x*) P b (x) P x) d x (2A4-4)




£30

which 1s

(W) _ S, s 4 '/
éﬂ/ 244 . /'_/ x 7 F o) R/l/x}d’)&’ (28-5)

N A
The quentity X =0 De v illed -

whevre

\ ") e
VT

v f/’ "’ -y } ! ('f/‘/ 7 ,4€~2~f~ #7) 28-7)

For even N, ChFC tor o nds ../( 1ed vite-versa. e terms of
9(/"‘“')
this ccetficient ~gpp s i

Y, M. 2 (L)) ?” AT .
e e 9, L = / ettt e e e L s A 18 1 AR A T A e s e i i 8 T
/72Ol R / p ) L s =)l (W ks 1 -2%)

Iy }2 (v ) /;) £x) /iﬂ (x ) 0} 5 (-

The integrs!l has the vaiue

o (e (e ko) (K1 k)] L0 0 )]
(2 }7 + /)/ IT/;P -j)‘; (/"j,') ‘/ ) (’ (/ f” “/—’g ) !J *
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where

D‘P = //+/+M@ (24-10)

and X ) ,é/ . and ,£ are subject to the trizangle inequality

N+ ¥ 20" 2] - 4] ) i V7= § (2A-11)

)
Thus, ,—% rois

/42@/ Y 511’ - 7}// (24-12)
where
N
o Z < (P07 k-t)! (lsh—27)! (4405 K)!
,f,ﬂ/ f=0 (2P+/)/[(/”j)/ /P’j/)/ /P“-——’g)!ja

(24-13)

Bezause of the alternating nature of the Ck s 1t 1is
convenient to consider even aund odd & separately. The rest of
the treatment will be for odd # . For odd / let k =2 +/
: . 4 :
and sum over ¢ . Further, from the limits on A ; Eqn. (2A-11),

Ed

s e
,Z = 2‘)“*!*/( where the sur over j is from -({ + 1) to ¢

2
Then 7/2// is
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-

Yy
T i Lt eis DA @L427-200] (2 v 2j+2)] (20-25)]
,(/,‘ f2L+42¢ +ZJ+3)/[./1+J—( ’(J+¢+’)}(""J)/J1
(<o sz(( +1)
X §1}j-4 25+ (28-14)
The sum from j = -—/"f‘ />

can be replaced by the sum from

Q Lb rewritten as

if
2 -
06\/): W/g ; /21_,»,) (9\‘" '624726_6‘2<'77/()
E -w» (2A-15)

| 7 ] DXW#J*’”JI
L 2( + 1/

by e (AA+2 4 25+3)!
zo JE

(M+2,~2()/ (2 +2,4+2)! (2 =2, )

Tl (g eeadl (=T [

x (2.4+1) /2/(’+#J‘+3)X

e % — o2 U o R
...,e‘“z"' Te+2,+1 ‘QZ—(~(W+2J‘+/— )22)

e (77/+ 2, + _QZg)
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With the explicit exprezzior {7 Cz i 1T 1z pus¢lble to rewrite
N~ =1
this as oo T z 24

O NI I R S VI i :

Lo QY (h20-0 2 ] (104 10 [ (V) 02707)

,,g—}«d‘-w,/./) ({1%!4—(#//
ijzd-nl .;-/)/7/7‘»2} 2(‘*‘3) (’Z/+ZJ +Z¢‘+f)

X2 A+1)(28+ 4%, +2) 07

(QWL!*Z(“*@)I (2"“‘7 )!

[(a”w)i (<~ )/]Q‘ e (7/*7J+/ ?Zé’)

(24-15)

For even N

Q(m fm/[ ‘> > > UM,//A// (1)
= N

;ﬁ”w 2e W T (2 )l (W42 ~244 1)

X(Z/(f—i)/z/(%yd f})/f(’*i - +/)_.... (/#'/ *+ )
(2442520 13244272043 - - (2h+25+2 04 ))

A

(20 + ZJ‘),"(Z[“—ZJ)!)

1/
T ) (6‘_.});}]1 ~2-tm (7/(+2J"“72(>

(8-173
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Thegse formulae appear difficult to use, but actually they are not.

N

The sums over ¢ and J extend to only %f/vl , and the factorials

cancel to a great extent.
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APPENDIX III. The Computer Program

Three sets of computer programs were used in the numerical
evaluation of the expressions obtained in this thesis, one set for
each potential. These programs are written in Fortran 63 and were
run on the CDC 1604 computer at the University of Wisconsin
Computing Center. This appendix contains a listing of these

programs and information as to how they are used.

1. Square Well Potential - Program SQWELLP

This program is written in double prevision. In order to use
this program four quantities must be specified: (1) the value of

E*(called GEESQD 1in the program), (2) the value of -—/L *

(called EIAMST in the program), (3) the maximum value of —/(
(called 1EL in the program; Note that LEL 1is an integer.
This quantity is found from Eqn. (5.2-1)), and (4) the correct
dimensions for the subscripted quantities. The dimension for the
quantity PHASE 1is equal to /ﬂ . The dimension for A, B, C, and
T is 24 +10.

The program prints out each ./( followed by the phase shift
for that value of /( ; This is followed on the next line by a
print out of/ and the partial sums of @m( and 0;{2*

, . . *
The process then repeats. The final print out is £ , A ¥

Grw’
C;EZZ*Z and CQ z)*.
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2. The Perturbation Expansion - Programs MONOTON, FIRST, and SECOND.
These programs calculate the quantities associated with the
monotonic potential given by Eqn. (4.2-18).
Program MONOTON calculates and prints out the quantities :kio
(called CHI in the program), ;k;; (CHIP), QK:Z (CHIDP), 9&0

(PS1), }/zo (PHI), /40&) (Al and A2), gaa)

(Bl and B2), and
e
o (C1 and C2) given by Eqns. (2.1-7), (2.1-8), (2.1-9),

(2.1-10), (2.1-11), (4.2-20), (4.2-21), and (4.2-22) respectively.
This program is not restricted to the r-’t potential, as are
programs FIRST and SECOND. The absolute value of the exponent
must be put into the program as the quantity L, an integer, and
EL, a floating point number. The quantities pointed out are all
labelled.

Program FIRST calculates and prints out the quantities

/ a(}l
52jgés (called CHIL in the program), —Ezégi° (CHIPL) , ‘:57?9
Sy (()c)/)
(PSIL), /4, (ALl and AL2), and Z% (BL1 and BL2) given by
Eqns. (4.2-14), (4.2-16), (4.2-17), (4.2-23), and (4.2-24)
respectively. The program is designed to include the second
JPeo

quantum correction if JE) i is derived. The quantities printed
out are all labelled.

Program SECOND calculates and prints out the quantities

) Koo @)

(CHIDL) and /%
IAr

given by Eqns. (4.2-15) and (4.2-25). The quantities printed out

(A12 and B12, which is misnamed)
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are all labeled.

Programs TFIRST and SECOND are made to be calculated only
once, since the potential is fixed in this derivation of the
quantities. Their listings are included in case they are extended
to higher terms in the series. Program MONOTON is not restricted,

but works for any repulsive potential which falls off faster than

/

po

3. The Lennard-Jones Potential-Programs TRYBNTEG and OMEGA.
These programs calculate the quantities associated with the

Lennard-Jones (12-6) potential given by Eqn. (5.4-1).

Program TRYBNTEG calculates and prints out the turning
points (RONE, RTWO, and RTHREE) for the particular combination of
17* and E*used, the values of the maximum (RGREATER) and
minimum (RLESSER) of the effective potential (if they exist), b

(BEE), the five functions ‘240 (CHI), ;%;d/’(CHIP), 2:?’
(CHIDPZ, 9%¢7 (PSI), and §%%o (PHI) corresponding to Equs. (2;2-3)
through (2.2-7), and QCOZ*(QONECL), cﬁz* (QIWOCL), @Igm«
(QONEL), &l(zz.)*(QTWOI), Qz:g“zQONEII), and @g*(QTwou)
corresponding to Eqns. (2.1-14) and (2.1-15). The program also
prints out the "type'" of collision as classified in Figs. 5.4a, b,
c, and 4. Cases I, II, and IIl are regarded by the program as
SECTION C, D, and A respectively.

The data is provided on punched cards placed at the end of the

program, The first data card, under a format of 412, gpecifies



the number of points in the integration over 5.*—, and for sections
A, C, and D respectively. The Gauss-Legendre pcints and weights
for the number of points specified in the bﬁtintegration must also
be placed in the body of the program, subscripted from minus to
plus (as an example, the set of 32 Gauss-Legendre points and
weights are included in the program listing. This number of points
was used in the numerical integration). The number cf points in
the integration for SECTION A was 96, for SECTION C , 64, and
for SECTION D, 96. 1t is alsoc necessary to set the DIMENSION
statement so that the dimensions of the subscripted quantities are
greater than those read in.

The rest of the data cards give the values cf the reduced
energies for which the calculations are to be performed. Each
card containz, under a format of F12.0, the logarithm to the base

ten of the energy. The last data card must be 1001. This provides

138

a means of stopping the program when all the data has been processed.

54 ¥
The program OMEGA calculates the -1’2(/ )4)of Eqn. (2.3-4)
, @)% , |
using the CQ as the input data. The suffixes CL, 0I, I0, 00,
and II represent the classical limit and the first, second, third,

@) *

and fourth quantum corrections respectively. The €L are
@ ¢
called QONECL, ghe (i&' are called QONEOI, etc., for both

V=1 and 2.

The data is placed at the end of the program in the following

order: (1) the values of -4 and ./( on the same card (with a
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format of 2F10.0), (2) the lowest value of the reduced temperature
(with a format of F10.0), (3) the increment of the reduced temperature
(with a format of F10.0), (4) the highest reduced temperature (with
R 69(2)*
a format of F10.0), and (5) the . The data cards for the
@)% ,

(;) are punched ag described by statements 2 and 14 in the
program., Note that two cards are necessary to read in all of the
values at a particular energy. The cards are read by pairs, in
groups of five pairs. The last pair of one group must be identical
with the first pair cf the next group of five pairs. The last card

must be =-1001.
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FROGRAM TRYBNTEG

DIFENSION AY(148)»CY (00 s 0V (LZ8 ) » GY(44) s COEF (64)

COUMMON FiemborRAyvioritonCeisiiboras NGAUSL »LLCEE s AYSCYsUYHG3Y
COMMON TE G LSRG LT SR

oh iN '

R

F §

PRINT 2, HGAUSS
FURFAT(  33HIAU. GAUSS +

131HN0e MEFRLIR PTSe Fun s o

=t

FA=EMERLERA
SC=MEHLERC

GFK=1lo) /{2 e"ri) ) %iaitiovlbig)
]

U

[

(o)

Y LT e

< QO N

]
fox)

o

e 04936706131

)

)

)

) Sl
)==o 856321
)

== TY44557960
)
)
)

9]
~
[
N
1
|
L]
M~
N
O ok e O
a2

)

512761
GY(13)==o23518685025
GY (14 )==a22328730273
GY(12)=—,14447195616
GY(16)==,0483076657
CY(17)= 083507585657
GY(18)= 1444715616
GY(19)y= 420926735823
GY(20)= 032186856023
GY(21)= o421i55127561
GY(22)= 420038795069
GY(23)= o5077157572
GY (24)= 46030442669
GY(25)= 7221841137
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IP+
IPSQ)Y¥3EE
DSINT L+ o QLbiabbllly
‘Qﬁ*#CEI HILo=e04160606667/
rot'\HIDP Z0)

16 CCNTINUE
20 CONECL =4 %5UMT

11

(A

Ouh-l—.lClD;l& /GSOw
GUNEIT1=4025664956/(GE
QTWOCL=34%5UMW

QTWCI=a075990887/GSGwSUMK

— o
>,
[OXa]
et
Ll

QTHOII = 0019240723 7/ (G4

PRINT 11sGUNACLsWUONET v behE s TWOL 1

FORMAT (1Xs7HG1YCL=020.10 e 103Xy 7THG(L)IT=EZ20e10/
i IXe7HGIZ2ICL=020610 o1 Us X 7HQ(2)11=220e10)
GO TS 6

END

SUEROUTINE
DIMENSICN

;253 PHILD)
CY(64) +GCOEF (64)

COMMON MEHL NGAUSSsGCCEFs AYsCYsDYHCY
C('\’Vl‘lv"\r\‘l GF'C:Q'

COMMON ST oUsVeDi

RTHREZE=0.

G5Q85Q0=6SG*35Q
IF({GSUBS0-26452365280)2s 51
IF( CSCG-0Qe0) 39395

JUMP=1

R=RONE

GO TS 16
RI=(44/0S0% () «+S5IRTF{1e—1 YY1 A% e156550686067
ARPRIME=RISOURTF {Osiid
[F(SEL-SPRI S a4

Svizle

RI=1- ./ 0"l e=80RTF(1le—1els PY Y REGLIEECELLHET
PRVHL RI*sGRTF{le—=T (D) /0G0
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e
n
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DAY DU e

<
~
I

[4g)
RIS

O T T
VA 2

[

O TG

FUSET=1a)15513513
GREATR=GAVE

FURGREATR=RLE ezl
E(ABSFIRGREATR=RLI oL b= . -

<

ASEET I G TR CH R U I OAN |
1
m oy (AU

i
Py

CY T o U e D)

cC
[

p—t
(62

MP =1
RERIASCRTF{letde/ LS LH R I
GO TC 16
RLESSER=54VE
Juie =4
R=RONE
CONTINUE
SW=0,
SAVE=R={{1e=PAIHI(05r) )/ (=PHliL
IF(D-‘ - Ze) 57s D2s 52
IFCALSF(SavT) = RTad) 535
IF{ACSF (5AVE) = 108 575 00
IF{ASSF(SAVE~R) =L e ~0V i iToid
R=ABSF({SAaVD)
GC TC 19
GG TO |

52002044602
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36 R=

N
7L
..4[
3
O
+
pyl
O

™
%
<

sw: .
GC TO 19
75 RIHRZE=SAVE
59y OhE - Tw
6500 SSE ARG

504 1FLABSF(RTWO-
505 PRINT 4069 VAR
406 FORMAT (4HVAR=
cC TO 25
520 VARI=VARI+402
IF (VARI=-24)700
6506 VAR=VAR+40

IF(VAR-2 4} 25
35 GO TO 36
509 PRINT 610
510 FORMAT (3LARANGE

STOP
23 CJATI.bf

60 FORMAT (10r SE
PRINT 33, RORE
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SY 6066064601
55256065405
Duu9u009 )

s 700600

32602

SAS SIol eXCEzuonl)

38 FORMAT (1Xs5HROUNE=£20.,10)

SUJ=00e
SUMK=0,
SUML=0e
SUi44i=0e
SU: x\.'—(uo
UO 79 N

?4 QB/ IV
CA L ABCDIR3,A
QAM“—P?1“QJKT:
UMJ=SUNMU+5AY
SJMN-SbMN+Oh
SU dUM + 5

29 CNTEVJE
b’\/—:

[ YA

[ LRV R
(Te—aY CUFHAY I Y/ 1 a=PATHT(QsRB)))
(2




)

148
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— X
3
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e
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! t

m

[

M~TURM

CONTINUE

INTEGRATION SFCTION
PRINT 61

FQQMAT {(10m SECTICH O
RINT 394 RONEs RLESITS,
FUK AT (1Xe5HRONE=EZN 10, 02X s 9RRGREATER=E20.10

RV={RONE+RLESSZR )%,
RU=RGREATR +1.

SUMS

i

Hi i
OO0 GO
[y

R ANRIEEL IR
it
] ®

N on
_
-
1
.

[ R == ONT %D
DRJISLM = {RW=AV )%, 5
00 50 N=1lsmEHLERC
DIV=1e—-CY(N)
RA=2 e %RONE/DIV
DRA=RA/DIV
CULT=CY(N)—1,
RRCEDE=RV+DRAC
RJIKLM=
CFACT
SUMA=
Cll:\ L'L_
SAM=
Sdmu=SUncrlnan A
SUMC=SUMC+5AME®E
SUMD=SUMD+SAME*C
SUME=SUME+SAMERD

CALL ABCD(RJUKLiF A3 T30 806}
SAME=1 ¢=PHIAT (0eRJIKLIM)
SAMERT=SQRTF { SAME)

N :") - RS —
[P R WA S N

)
A4
I

»

R
S

UMAFORA/{RARRAFE

3> 1

SCOLHGI Ol s A 9t

. A . Ry s TS
:"\L;Cu._ /St

1(?'
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SAMECU=SAME*SAMERT
SAMEFIV=SAAECURSAME
RSG=RJIKLM*RILKLA
PTWO=PHIHI (2sJLLI)
RFOR=RSLH#RSG
REIX=RFOR*XSG
TERM=DRUKLMA=CFAIT
C”WJ‘SUWJTTETW"(l /(AQQ(
SUMK=SUMKH3 o

SUML=5Uw L+T;Kn" PTG ) RFEw )

SUMM= SU“W+T RWM((“004° 51X 224 SRTWO/RS O #PHIMHI(
14 s RIKLM)Y /A (RSUSAME)Y—4F . AR TP TwO/ (RSJFSANERSAME ) Y/ SAMEF LV
2y /1536,

RFGHI=Z2« %R /D1V

ORFGHI=RFGHI/DIV

CALL ABCDIRFGIIsA»BsTaDs 0
e “UNFGHI/SGURTF{La=PH LI (0oxEFCHT 1Y WIFACT
SUMF=SUMF+SAI
SUMG=SUMGHS A EE
SUMH=SUMH+SAMERC
SUMT=0UMT+SAMERD
CONTINUE

CONST=3,141592624/F LOATF (ML 20
CALL ADCDIRGsmCL A smOLI s el st olste)
CALL AoCD(RVs icAsANSSs Sl ulsAvnosie)
SAVE= SLE
CHI=3.l@lﬁﬂi*DQ—Zo%uiE*CbNQT*SJHA
CHIP=Z. #FLCONSTA(SUovouiF—ou divmoL JA—ANSA)
IF(S) 41s 41972

=1

(/

Sy
RN

)H

CHIDP==2.%35AVE* PeROLDEFANSD)
PSI=.16665565887 cSudl ) =HOLOCH+ANSC)
+{0LoOD-

PHILO=2.%SAVE
DHIDP=CHIDP
DSI=RPSI

ANSD)

DATLO=PHILY

CF“ID“:OO

751=0s

PHILO=0,

GO TO 43

CHIDP==2,%SAVE® (CONSTH (Lo +SU iS00 1) =nJLDs+ANSE)
IF(CHIDRP=DHIDP) 49549 ,47

OHIDP=CHIDP

CHIDP=0.

P31=2616666660ATH5aVEX{TLI0T~ (S e o TSRS UNML ) —HULDCHANSC)
IF(PSI~DSI) 54-,54452

DSI=RPST

PSI=0, )
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PHILO=2 e %*SAVE FLCONET A {SUME+SU I +50A Y+ 0LDD~ANSD)
IFIPHILO=0HAILS)Y 439 45957
DHILO=PHILO

PHILO=C.
PRINT 3049
FORMAT ({1X
1P=E20.1C,2)
RETURN
“ONTIAU
I&TTQ&
P.*\Iz\'l
FORIAT
PRINT
F ORI A
18HRL
RV=(F
RC=(R
SUVA—CI
Jur 13= Oe
SUMC=0,
SUMD=0
SUME=0,4
SUMF=0,
UMG=0e
SUMH=0,
SUMI=0.
SUMJ=Co
SUMR =0,
SUML=0,
SUMM=C 6
SUMN=0,
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SUMR=0,
DRA=(RTWUO-RON
DR3ICOE=(RV—RONI
DRELMN=(RTHC-RT
DROPUGR=(RU-RV) ¥,
DO 31 N=1sMEHLERI
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CFACT=SIRTF Il e=DY {0 al )
SUMA= ouVA+a~A/(%A~ An Sl il il li0eRAY )Y YHCFACT
FAL.L ABCDIRECDE o A O
CAVt=on\D_/:J<:F IO,y FRCEACT
\/u.jf"':s)k)x“-“‘*'v/*- A
SUMC=SUMCHSAMERD
SUMD=5UMD+SA: C
SUMI=SUME+SAMERD
. CALL ASCDIRFGrHIJoAsnsCelsC 0l
SAME=ORFGRHIJ/SURTF{L. IO Gmid)y 1 #CFACT
SUMF=SUMF+o4mME/ [RFGHI 1J}
. S5UNG= 5U'G+o MERA
SUMAH=S SR
SUMI=5 u“I+5AMf*C
SUMI=SUMJI+SAMERD
CALL ABCD(REALMNAsBsC D)
SA E=DRKLMN/SURTF(Lle— O KRRy *CFACT

UMK =SUMK+SAMERA

. ' SUWL—SUNL+J~ ;
' SUMM =SUMMA+S 4 4= C
SUMN=SUMN+54

SAVE=1e-PHIHI

SAVERT=SURTF

SAVECU=SAVZ*S

SAVEF IV=SAVE
PTWO=PHIHI (2
RFOR=RSGHRSQ
RSIX=RF OR¥RSQ
TERM=DROPURX

I A I S o
o/ L SUnOAV LRI} T

el ) )

SUxaP =5 {3/ {nFin"0aAVIlU) A*SAVIFIVY)

Sumu=ouw“ (PTwio /(RS 5AVEr oAV ZLU))

S’J.\n("\.}bnl< ({ -804, /RS TA— (7 t Now+1ile %PHIFiI(
14 s RUPWIK) ) SAME ) =LY T WIRPTWO /RS U*5AMZ®SAME) ) /SAMEF LY

R NI C
4

\ )
TE
S T \ i ~
s Ch 125 I
=2 Gs oK

El0elJedXetd
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RETURN
END

FUNCTION GACT (K)
GACT=1.

DO 1 J=1,sK
GACT=GACT*(J+1il)
END

FUNCTION NFACTIX)
NFACT=1

DO 2 J=1,X
NFACT=NFACT*J
eND

CoEF(64)
OEFs AYsCYsDY QY
COMMON

COMMON

DHIHI= FLdsX) /G504 (=1e) v FACTMRZ IO/ A (152)
ALYy
clo
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| SUBROUTINT A3CDI . . S JCUNT

| SLMENSTON AY(128)2CY (9% 20Y 11250 - GY (64)sGCOEF (64)
COMMON MEMHLERA MEMLERCs S HLERD s NCGAUSS sGCOEF s AYsCYsDY s QY
CCHMMON GEEsBEE oGSO o255 R THE s RLESSER
COMIMON SeTosdsVeDAIDFP s3I yuHILU
ONE=PHIHI{(1sX)
TWO=PHIHI(2 X}
THREE=PHIHI{3:X)

. FOUR =PHIHI(4,X)
FIVE =PHIHI(5,X)

| ONESQ=ON:*WNF

! . ONECUB=0ONESQ*0ONE

‘ ONEFOR=CNFCU5*ONE
CNEFIV=0NEFOR¥®OME
ONESTIX=0ONEF TV *0OMNE
ONESEV=0ONESITX#FUNE
ONEEIGH=CONECSEV®*ONE
THOSQA=TWO*TWO
TAOCU=THWOSG*T
THWOEOR=TWOCURT!
THOF IV=T0or 2R
THREESO= T %7 i
XS5CG=X* X
XCU=XSG* X
XFCOR=XCUxX
XFIV=XFOR®X
XSIX=XFIV*X
XKSEV=XSIX*X
TF{COUNTY2 18

1 FONE=TWO/ (XFOR*ONESGE)

FTWO=1e/ (XSEV®ONESQ®X )
FTHREE=14/ {XFOR*¥ONEFOR)
FFOUR=1e/{XSQ#CNEFIV)
FFIVE=1e/ (XSQFONESEV)
FSIX=10/(XSQ*ON:5*XJ

{1

LIGH l /(XCJ *OF
FNIN=1./(XCUXC
FTENzlo <

FTN_L l./(XLU'UHECUU7

FTHIR=1 4/ ({XSG#ONEET Gt

Az==1e/XSU=8o%B5Q/ {XFLV=0NE)

B=24 o / (XFIVH#ONE) +64%
112 #BSGrTHOSU/ (XSTX™
C=36e/(XFIVHONZI+15a%l
1¥ONESQ) +TWOHTHREE/ (XEL#UNEC
ZONES3Q)

2ewiuwr UNE

; LETY DT7Z.*”Q3"TNO/(XSEV*ONECU3)+
TS THREC/ (XSTXFONECUB)

uh/(XCL FONECUB )4 o ¥ {THREE/ (XCU
V3w TWOCU/ IXSGYONEFUR ) +FOUR/Z (XSQ*
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(/

D==42210, *FTWC
ICNECUB)Y-17535, W
20NEFIVY+8640ewTyO TF
2-3600e* TWIFCR/(XFORY®

Pt CUB)+T7345 FTHREE/Z{XSIA*
S EFUR)=8520. FTWOCU/ (XFIVH*
LR )mlABE L AFOUR/IXFIV®ONECUD)
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=D=-44 FTWO% 2 H N=47 4 FFOUR®*ZH¥FSEVEN+

1140, FTHREESU*TH FPHIHI (74X )/ (XSQ*
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FUNCTION NFACT(K)
NFACT=1
O 1 J=1,K
1 NFACT=NFACT*J
END
END
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TY}"x_ D\JKJ'%LL_ uvl\;_,\le\JQ";'].\JLg“u?./’\-,‘:

- AXGU s ARCUF st s uP

DIMENSION FAASE(1I05) s AL300)s5(500)-0(300)sT(300)

IF(X) 18, 12, 18
IFLLEL)Y 16y 12 14
RESULT=1,0

RETURN

RESULT=0.0

RETURN
RESULT=e9999399999E1Y 5
RETURN :
IF(LEL)Y 559 51y 19
MO=LEL
JO=2#%XFIXF(X)
IF(MO-JC)Y ¢s 21 21
MO=J0

MO=MO+11

T(MO)=0e
TIMO-1)=1.0E~20C
LO=M0-2

F=F-2.0
TOI2+41)=(FHle ) /X¥T(IZ2+2) -1 {12+3)
IF(T/) 49394

DC 5 J=1,M0
T(JY=F#T(J)
RESULT=T(LEZL+1)
RETURN
RELULT=DSIN(X)/X
RETURN

LO=—LEL+1
T(L)=DSIN(X})/X
T(2)=DCOS(X) /X
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GCOEF(Q2 )= a01627470 007
GCOEF(05)=e0253520 073
GCOEFI(G4,=e03427 5
GCOEF{05)=e 0428355500
GCOEF(06)=e0L0%2000 w0
GCOEF(07)=e05806843 -
GCCOEF(08)=40653222
GCOEF(05)=40723457
GCOEF(10)1=e0781938
GCOEF(1l)=e0C05119dna
S GCOFEF(12)=e0376220%50

GCOEF(131=e09117350787
GCOEF(14)=,0938443501
GCOEF(li)—oU‘)DO/‘)fL i

EF(16)=e09E2400005
:(17)—o095)bpp

CCOLF /
cCoE F(ZO)“QOJbO( 44
GCOEF(27)=40505%1
GCOEF{23) .Oé&&f
GCOFF{29)=e0342 75044
GCOEF(30)=e02535200552
GCOEF(321)=e01062740947
GCOEF(32)=.007015810
Q INTZGRALS

SUMT =0,

SUfu \)o

SUMV =0

SUMW=0.

SUMX=0,

SUMY=0.
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L e/l
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CALL RINTEL
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QAQTWCII = 00124871 7%3UY
PRINT 11,GUNECL s wUONET sy
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PRINT 38, YONE
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1U=5SUMU+DYC*5C0E
CHIL)#COSINE+ (24
SumMv=_0,

SUWI qUMW+GCO

[

*
PL+YJ*CHIP5¢«cmlL)*QIN:B)/qs.

ety o
Cw{Hlos Wb
Y

‘W‘INED+(2+.WY

s G Il ew T nUlL s Tl s T CI I
11 Fum"'.Al (1" 12520 052 04 1502 0el092R 04l 125200107 1Xs4HAL2=Z
12061063 XKs4niBL 2520092054 lLa=Z20610)

END

SUBROUTINE RINTEG(CHI sCHiF
PHILOL)
DIMEN SIU'\I HY(1£5) QY (&4),0C

CUMMUN MEHLERAsHCLALZRD s v,
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PRINT L, YONE
38 FORMAT (1Xs5HYCNE=E20.18)
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1
RE=YONRE® (1 Y/ 2

DRIZYONE /2

FEDRBH¥SG

Umﬁwbu?T: (1.*HY(\) (Y))/(l.-PHIHI(QaRH)))
i)

CUWJ”SUWJ*&A.i
SUMK=5UMK+oAME*®
SUML =5UML+SAME?
SUMM=SUMM+SAME#
. SUMN= bUMN+SA\;'
SUMO = SUMD+ S AM:
SUMP = SUVDT)AME
SUMR =SUMR+SAME
29 CONTINUEZ
CONST=3414159
CHI=3.1415%2

65‘4 L\.r\ul‘\"lE"'_..l\H)

£54-24 FCONSTHSUN
) CHIP=Z. HOONST#SUML/YO
CHIDP=-2, FCONSTHAUML/Z{(YD#YD)
PSI=el6666066667 FCONSTREUAMI (Y IRY )
PAHILO=2 ¢ #CONST FSUMN A IYOR NG
CHIL=8 ¢ *#COHNSTHESUHO/{YO®5)
CHIPL=8 e #CUNSTHSUMP/{YIxaT) |

CHIDPL=0.

PSTL=e3333333333% r*%s*~5gtﬁ/<vg**5> I

PHILOL=0,

PRINT 1s CHILSCHIPL,CHIZPuL,Pall,priloL
1 FORMAT (1XsBHCHIL=ZEZD s idnenlriiri=£2
15HPSIL=E20+102Xs THPHIL L=

RETURN

END

0alDs2Xs THCHIDPL=EZ20610C/1X

SUBROUTINE ABCD(X9$9usC90a“ s 0)
DIMENSTION AY {1Z28)s0Y (557 2! S0V 045

o : ’
COMMON ULHHEAAsuP“uEmzs‘JnuuishYaUV:GYaGCQ:F,uifaﬁcu;YU YONE s L
“F‘DHTHx(&o/)

TWwO= P“'hI( o

TFA DMTMI{J,A) ,
FOUR =PHIHL (5 0K) |
FIVE =PHIHI(5,X) 1
CNESG=UNE vUNE ‘

T ONECUL=UNLSQFONE

ONEFOR=0ONECUB¥ONE




ONZFIV=ONZFQOR*ONE
ONESIX=0ONEFIV*0ONE
COMESEV=ONESIX#0ONE
ONEEIGH=CNZStV*ONE
THOSQ=TWO#*TWO
TWOCU=TWOSU*T 40
THWOFOR=THOCU*TWU
THOFIV=TYHOrOR®THU
THREESQ=aTHRIZ*THRES
XSQ=1a/ (X%X)
XCU=XsQ/X
XEQR=XCU/X
XETV=XFOR/X
ASIX=XFIV/X
X53EV=XSTIX/X
X=ITGH=XSEV/X
ANIN=XEIGH/X
XTEN=XNIN/X

XCLEV=XTEN/X
XTWEL=XELEV/X
FONE=TwWO / (XFOR*ONESG)
FTWO=1e/ (XSEVH#*ONEST/ K
FTHREE=14/ (XFOR*¥ONEFOR

FFOUR=1 4/ (XSQ®ONEF IV
FFIVE=14/(XSQ*ONESEVY
FSIX=1a/ IXSQRONEST X))
FSEVEN=14/ (XSQ#IONEFOR)
FEIGH=1./{ACUXONESEV
FNIN=1o/ (XCU*QNESIX)
FTEN=1o/ (XCU*ONEFIV)
FELEV=14/(XCUXONEFOR)
FIWEL=1a/{ XCURONECUD)
FTHIR=14/(XSQ#ONEEIGH)
FFOUR =] ¢/ (XEIGH®CONES T
FIVT=1a/IXNIN®#ONE )
TSIXT le / (XTHEL®ONT SO
FSEYT=1e/(XELEV®ONECUZ)
FEIGHT =1,/ (XTEN®ORECUD)
FNINT=1 o /UXTEN®CRESCi )
FTWT=1e/ {ANINXONEFIV!
FTWTON=1 ¢ Z (XNIN®ONEFTR)

FTWTTU=30/(A~IUAAI“*”*V)
FTWTIHTL o /{AZIGHRD L)
FTMTFO=L./(\mIn‘quCL,
FIWTFI=1a/{XEIGHA0ONES IR
FTIWTSI=1e/ (AETGH®*ONECUL)
A=—'lo/XSQ—80 / UXF L\l \:H.}"n
B=0.

Lo

HFONE
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C=36e/{XFIV*ONE)+ NECUS ) =4 o ¥ {THRES/ ( XCU
IRONESW Y +TwI*THREE (XEWHRONEFURY+FOUR/Z(XEQG*
ZONESY)

28 #FFIVT~THORFFOUAT
FogowFFIVI+TWORFFOURT #2250, 3F 8 10 TH60ow THOHF SEVT =2 *THREEXFEIGHT +6 o ¥

S -5610.

H=SAM FESIXT-2250.%7

. Lo *THREE#FEIGHT+125 6~ 7 o8
2% FOUKWFT“T H=& ¢ ¥ THREE X
3 IvﬁiFTWT

FFTUT+267
W=7 erwo
SFTWTF

FUNCTION F(XsX)
DIMENSION AY (128 407 {661 oG (a3 0Y(648)
COMMON MEHLERASMEHLERD s T SAUSY s AT s U0Y s GY s GCOEF s GEE»GSWa YO H» YONE s L
(=16 ) ¥¥K)HGACT (X )™ (X L) F/UTYORRL)

FUNCTION GACT (X)
VENSION AY (128,07 ¢4 (LA I it
. COMMON MEHLERASMEHLERU s iGAUsE s AY 9 LY 9 GY s CGCO ZF+CEE2GSUH YOS YONE oLl
GACT=1./L
DG 1 J=1sK

1 ;A&T CACT* (J+L—-1)
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FUnCTICH NFACTIK)

CNFACT=1

pO 2 J=1sK
NFACT=NFACT®J
END

FUNCTION PHIHI(MsX)

DIMENSION AY(lZB),DY(é%\sGCOtF(é%)9";,Y('oi‘.~)

COMMON MEHLERA S MEHLERT s NEAUSDsAY s Y e OY s GCUEF 9 GEZ 9GO YO s YONE oL
PHIHI-':F(M’X)*(("lo)*""?"':)""5\':':%‘4.‘(:7(.-"1+l)"'"(‘)(*“’*\"(;‘-‘:4‘2))

END

END
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PROGRAM SECCND

OI”"WSIO“ AY{128),0Y(54)»ClOEr{oa)0GY(64)

CUMMON MiHLEnAsmEnLLn’aﬂﬁAUbéaﬁdeY96YaCCQEF CEE»GSUsYUSs YONE oL
NGAUSS=32

MEHLERA=S4

-L=12

PRINT 3, L

FORMAT (3HIL=12/7)
EL=12

G=402005

FA=MEHLERA

DO 7 i=1s MEHLERA

AY( ) =COSF L (¢
32 GAUSS- chrNDK
CY(01)=— 9IT72638

Y(021=-,90836115
FY 03 1=5=904T5225
CV(O4)~-./34;JQ'

(00 )=—,8vg 32111
GY(Cu :—.ur/JU/Q
GY (0T )=~ 79&4837)30

P \; ~\;‘ Ut i—-‘ O‘m 'll

GY(0B)==,753218211&7
GY (09 ) = 665'4“260/
\Y(lO)=—.5577157“7/
GY(11l)==,5068959089
GY(12)==4215512761
GY(13)==-,5351808502%
GY(14)==,25928736253
GY(15)==, 1444719615
GY(16)==,0435076657
GY(17)= 0483076657
GY{18)= 1446713615
GY(19)=".239287362%
GY(20)= 3318685023
GY(21)= 4213512761
GY(22)= .500899908Y
GY{123)= ,5677157572
GY(241= (66304642669
GY(25)= 7321821147
GY(26)= 7944337960

(27)= 6493676157

(28)= ,86vY53211555
GY(29)= ,534906075
GY(30)= 9647622554
GY (31)= ,Ys56L15115
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GCOEF{02)

CCOEF (383

GCOIF 104,

GCOEFL0S)

GCOEF {00 =

GCOZF(0T)

GCOEF(08)

GCOEF{(09)=e Q723437251
CCOEF(10):007\)J_9./C:7i17
GCOEF(11)=.08%331192¢2
GCOEF1121=e08706020523
GCOEF(13)=4091Ll735737
GCOEF({1l4)=.09384437y1
GUOEF(L1D)=e 0950387201
GCOEF (161204024000 2%
GCOEF(171=0502400
CCOEF(L1G)

GCOEF(19)

GCOLEF(Z0):

GCOHEFR{2Z1)

GCOEF(22)

GCORF{23)=

GCOEF(24)

GCOEF(25)

GCCEF({Z20)

GCOEF(2ZT)

GCCEF{22)
GCOEF(291=e034273362%
GCOEF (2015022392056 053
GCCEF(311=.0162742947
GCG{LF(:?Z):O (.J/\)luua.k:"
Q INTEGRALS

SUMT=C,
SUMW=0«
DIV 1.— (1)
YO= (1)+ e J/OTY

Yukir\u {ELHF Lo/l 1)
ALPHA={({le—EL*G)Y/{2aw(G) i %% {1a/il)
D0 10 J=1,NGAUSS

YO=ALPHAX (1 .+GY(J)) /2%
DYO=ALPHA/Z .

CALL RINTECICHI sCHIL LI IOL)
COSIhE={! A1)
SINZZ= SINF(CHI)

CHID=2 4#CH]

SINED=SINF (CHID)

COSINzZ2=COSF(CHID)

SUMT=SUMT+GCOEF LUy #oYU#YCw (CHIDL*SINES+ CHIL#*CHIL*COSINE) /2.
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SUMY = SUMM+GEOEF (J) ¥DYO# Y0 {CHIJLS3INED+2 e ¥CHIL*CHIL*COSINES )
ONTINUE

GONECL =4 o % SUMT

GTVWOCL=3 % 5Uini

PRINT 11,QONECLSQTWOCL

FORMAT (1Xs4HALZ=E20e.053X s 6HBLZ=EL0410)

END

SUBROUTINE RINTEG(CHI +CTHILsTHIOL
DIMENSION AY(123),0Y (564} 0CCEFIE4)0Y
COMMON MEHLERASMEHLERD »HGAUSS »AY ¢ UY 3G
R=YONE
SAVE=R=((1e=PHIHI{OsR 3/ (~{a®i{L—1 ) ) /{YCHRNL) =2 % (R¥¥1 1))
IF(ABSFIABSF(SAVE/R)I=1e)=1el-0%)12,17s17

R=ABSF(SAVE) :

GC TO 19

YONE=SAVE

PRINT 38, YONE

FORMAT {1XsIZHYONE=ZZ0.10

SUMJI=0,

SUMO=0,

SUMT=0.

DO 29 N=1,MEHLERA

REB=YONE* (1le+AY(N)) /24

ODRB=YONE/2.
SAMF=DRB*SURTF({le~AY N} wAY(N))/{Le~PHIHI{0s28)))

CALL ABCD(RB,Z4¢P)
SUMJ=SUMJI+SAME
SUMO=3UMO+SAME*E
SUMT=SUMT+SAME®P

CONTINUE
CONST=34141592604/FLOATF (MiInm
CHI=3,1415926504~2, #CONST
CHIL=8,%CONST*SUMC/ (YO*¥6)
CHIDL= 84%CONST#SUMT/ (YI#**12]

PRINT 503, YOsCHIDL
FORMAT(1Xs3HYO=E20e102Xs6HCHIDL=22010/)
RETURN

END

GCUEF s GEE »GSWs YO YONE S L




SUBROUTINE ABCD(XaE P

DIMENSION AY(128)s0Y {641 sCCCCF{64),0Y{064)

COMMON MEHLERASMEHLERO sNCAULS »AY»Y s Y s GCOEF s GEE
ONZ=PHIHI(1sX)

TWO=PHIHI(2sX}

THREE=PHIHI (34X

CNESG=CNZ®#CNE

ONECUB=CNESQ*0ONE

NEFOR=0ONECUZ*ONE
TWOSQ=TWO*TWO
X5Q=1e/(X¥*X)

XCU=XSG /X
XFOR=ACU/X
XFIV=XFOR/X
XSIX=XFIV/X
XSEV=XSIX/X
XEIGH—\QLV/X
KININ=XEIGH/X
XTEN=XNIN/X
XELEV=XTEN/X

KTHEL=XELEV/X
XTHIR=XTWEL /X
XFORT=XTHIR/X
XFIVT=XFORT/X
XSIXT=XFIVT/X
FFOURT=14/1 ;‘C%w NESG)
FFIVT=1le/{XANIN*O )
FTWTSE=1, /(AbLXTfQNESQ)
FTWUTEI =14/ {XFIVT#ONECUN)
FIHTNI—I JAXFORT*ONZCUL)
FTHTON=1 4/ {XFORTH*ONEFOR)
E=8e#¥FF IVT+TWO*FFOURT

P840 % FTWTSE-LO8 % THROFFTWTE I +4 4 #THREEH®FT

E=E#XSQ :
P=p¥ A5
RETURN

END

FUNCTION F({XsX)

DIMENSION AY(128)s0Y (64 6C00F
CQMWON MEHLERAsMEHLERD e NGAUED s st e
Fo{ (=1 )%y RCACTIILyF(Krn [0y /7wl
END

WTNI=12e%T
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1 GSReYOQ s YONFE &L

WOSW#FTHTON

)
GCOCF »sGEE s GSWs YO s YONE S L
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FUNCTION GACT (K)

UIHENSIUN AY (1281 s0Y (641,00 (06&)s0Y
COMMON MEHLERAsMEHLERO s NEAULSS s AY 5 uY 9 O
GACT=1./L

DO 1 J=1leK

GACT=GACT* (J+L-1)

END

FUNCTION NFALTIK)
NEACT=1

HO 2 J=16K

\l’ l\CT*A\Fﬂ'C

END

FUNCTION PHIMI(MaX)
DIMENSION AY(1281),0Y(
COMMON ME HLEKA’MLHLCR
PHIHI=F{MsX)+({—1e¢) *F4
END

END
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